Abstract. We study the regularity of smooth functions f defined on an open set of R n and such that, for certain integers p ≥ 2, the powers f p :
Introduction
It is generally difficult to relate the regularity of a real or complex-valued function f defined on an open set of R n to regularity assumptions on some of its powers f p : x → (f (x)) p with p ∈ N, p ≥ 2. However, in 1982, H. Joris [12] proved the following striking result: if a function f : R → R is such that both functions f 2 and f 3 , or more generally f p and f q with gcd(p, q) = 1, are of class C ∞ on R, then f itself is of class C ∞ . As pointed out in [4, 13] , the result also holds for complex-valued functions. Various generalizations were subsequently established around the notion of pseudo-immersion [4, 13, 18] .
In spite of its innocent-looking statement, Joris's theorem is not easy to establish. The original proof involved an intricate study of the vanishing of the derivatives of f at points of flatness, based on combinatorial relations arising from the Faà di Bruno formula.
However, a much simpler and shorter proof was published in 1989 by I. Amemyia and K. Masuda [1] . Its key argument is an algebraic lemma stating that the ring of power series with coefficient in a ring R inherits a suitable property of R relative to powers of its elements.
Unexpectedly, in 2018, as Joris's theorem was discussed on the MathOverflow website, the anonymous contributor nicknamed "fedja" outlined a remarkable alternative proof based on a characterization of smooth functions on the real line by holomorphic approximation. Fedja's argument [6] actually yields an even stronger result, as it works for finite differentiability classes: roughly speaking, given p and q with gcd(p, q) = 1, there is an integer m, depending only on p and q, such that for k large enough, the function f is of class C k as soon as f p and f q are of class C mk , and the proof provides crude estimates for m.
The main goal of the present paper is to show that the property described by Joris's theorem holds in Denjoy-Carleman ultradifferentiable classes C M , provided the weight sequence M that defines the class satisfies the so-called moderate growth assumption. Our approach will follow closely the path of the aforementioned proof of Fedja [6] , while making suitable modifications needed in the Denjoy-Carleman setting.
The paper is organized as follows. Section 1 gathers the definitions and required material pertaining to weight sequences and Denjoy-Carleman classes.
Section 2 begins with a review of some known results on the regularity of C ∞ functions f : R → R such that f p is of class C M for a given integer p ≥ 2. Incidentally, Proposition 2.1.1 answers a question asked in [24] . These mostly negative results serve as a motivation for a C M version of Joris's theorem, which is stated in the second part of Section 2 (Theorem 2.2.1). Various comments and corollaries are then given. In particular, the case of functions of several variables is briefly discussed.
Sections 3 and 4 are entirely devoted to the proof of Theorem 2.2.1. In Section 3, we gather the main technical ingredients needed in the proof. In particular, an approximation-theoretic characterization of C M regularity on a real interval is established; this result (Proposition 3.3.2) may be of independent interest. In Section 4, the technical tools of Section 3 are finally used to complete the proof of Theorem 2.2.1, following the general pattern of Fedja's argument [6] .
1. Denjoy-Carleman classes 1.1. Some properties of sequences. A sequence M = (M j ) j≥0 of positive real numbers will be called a weight sequence if it satisfies the following assumptions:
M is increasing and M 0 = 1,
Property (2) amounts to saying that the sequence (M j+1 /M j ) j≥0 is nondecreasing. Together with (1), it implies
We say that a weight sequence M has moderate growth if there is a positive constant A such that we have
We say that a weight sequence M satisfies the strong non-quasianalyticity condition if there is a positive constant A such that we have
Property (5) obviously implies the classical Denjoy-Carleman non-quasianalyticity condition
A weight sequence M is said to be strongly regular if it satisfies (4) and (5). With every weight sequence M , it is a standard procedure to associate the function h M defined by h M (t) = inf j≥0 t j M j for any real t > 0, and h M (0) = 0. Using (1), (2) and (3), it is easy to see that h M (t) = t j M j for j ≥ 1 and
, and h M (t) = 1 for t ≥ 1/M 1 . In particular, h M is continuous, nondecreasing and it fully determines M since we have
, we also obtain It can be derived from [16, Proposition 3.6 ] that the moderate growth assumption (4) is equivalent to the existence, for any real s ≥ 1, of a constant κ s ≥ 1 such that
Other equivalent conditions for (4), or for the strong non-quasianalyticity property (5), can be found in the state-of-the-art study of weight sequences and weight functions carried out in the recent works [9, 10, 11] , originating in J. Sanz's work on proximate orders [20] . As a consequence of (8) and of the definition of h M , it is easy to see that if a weight sequence M has moderate growth, then we have
for any t > 0 and any j ∈ N.
Definition of Denjoy-Carleman classes.
In what follows, we denote the length j 1 + · · · + j n of a multi-index J = (j 1 , . . . , j n ) ∈ N n by the corresponding lower case letter j, and we put
Let Ω be an open subset of R n , and let M be a weight sequence. We say that a C ∞ function f : Ω → C belongs to the Denjoy-Carleman class C M (Ω) if for any compact subset X of Ω, one can find a real number σ > 0 and a constant C ≥ 0 such that
A germ of function at the origin in R n is said to be of class C M if it has a representative in C M (Ω) for some open neighborhood Ω of 0. We denote by C M (R n , 0) the set of all such germs. Corresponding definitions for functions on segments of R instead of an open set will be needed. Given a segment [a, b] of R, a real number σ > 0, and a
We then say that the function f belongs to the space
We end this section with a brief review of the relationship between conditions on the sequence M and properties of the corresponding classes; we refer to [23] for details and references. Conditions (1) and (2) 
are algebras, and that C M regularity is stable under composition. Condition (3) ensures that C M (Ω) (resp. C M (R n , 0)) strictly contains the algebra of real-analytic functions in Ω (resp. real-analytic germs at the origin). The moderate growth assumption (4) can be interpreted in terms of stability of C M regularity under the action of so-called ultradifferential operators; see [16] . It clearly implies the weaker condition
which characterizes the stability of C M classes under derivation. The non-quasianalyticity property (6) characterizes the existence of a non-trivial element of C M (R n , 0) which is flat at 0, whereas the stronger condition (5) is a necessary and sufficient condition for a C M version of Borel's extension theorem.
Functions with ultradifferentiable powers
2.1. Background and known results. Let M be a weight sequence and let f be a germ of complex-valued function of class C ∞ at the origin in R. Assume that there is an integer p ≥ 2 such that the germ f p : x → (f (x)) p belongs to C M (R, 0). As observed in [24, Remark 1] , it is not difficult the check that if C M (R, 0) is stable under derivation and quasianalytic, then f also belongs to
. This is no longer true in the non-quasianalytic case: indeed, for any real λ > 0, set
The proof of [24, Lemma 1] shows that g λ belongs to C M λ (R, 0), where M λ is defined in Example 1.1.3, but not to any strictly smaller ring C M (R, 0). In particular, for f = g pλ , we see that f p belongs to C M λ (R, 0) whereas f does not. Thus, the result fails for the weight sequences M λ , even though the associated classes are stable under derivation and strongly non-quasianalytic. Since M λ does not have moderate growth, it was asked in [24] whether the result would hold for tamer sequences M , namely strongly regular ones. The answer is still negative, as shown by the following proposition. 
Proof. We start with a counter-example in two variables, slightly generalizing a construction of [21] . By [22, Lemma 3.6] , there is an element η of C M (R) which vanishes at infinite order at the origin and satisfies
Since η is flat at 0, the C ∞ -smoothness of F is immediate. Moreover, we have (
. Using the power series expansion of (1 + t) 1/p , we obtain, for (x, y) close enough to (0, 0), the expansion
−j in power series, we then obtain the absolutely convergent expansion
. We set l = j + k and exchange the order of summation, so that (13) becomes (14) F
Clearly, (14) implies
Observe that c l (y) ≥ y −2ml a 1 (η(y)) 2 ≥ a 1 (y −ml h M (by)) 2 . Moreover, by (7), there is a sequence (y l ) l≥0 of positive real numbers such that lim l→∞ y l = 0 and
Using (2) and (4), we also
Thus, we finally see that there is a constant C > 0 such that 
As in the classic C ∞ case of Joris's theorem, it turns out, however, that a positive result can be obtained with assumptions on two suitable powers of f .
Joris's theorem for Denjoy-Carleman classes.
Due to the local nature of the problem, it is convenient to also state the main result of this article in terms of function germs. Remark 2.2.3. The result is no longer true without the moderate growth assumption. A counter-example is once again provided by the functions g λ defined in (12) . Indeed, assume for instance p < q and set f = g pλ . We then have
Remark 2.2.4. As already mentioned in Section 2.1, the quasianalytic case does not require moderate growth, but the much weaker assumption of stability under derivation, and the result can then be obtained by straightforward arguments. The interest of Theorem 2.2.1 therefore lies in the non-quasianalytic case, although non-quasianalyticity will not be used in the proof.
As noticed in the article of Joris [12] , in the C ∞ case, a generalization to functions of several variables is immediate, thanks to the classical result of Boman [2] stating that C ∞ smoothness can be tested along curves. Analogously, for non-quasianalytic classes, the contents of [ 
The quasianalytic case if of a different nature and the results in [8] and [17] show that it cannot be treated directly by an argument of reduction to lower dimensions. The particular situation of quasianalytic classes obtained as intersections of non-quasianalytic ones as in [15] does not seem more immediately tractable, as the classes defining the intersections may not have suitable properties of logarithmic convexity or moderate growth.
We now proceed with the proof of Theorem 2.2.1. for some suitable constant C depending only on max ζ∈U |ζ|. In order to follow the pattern of [6] , more subtle uniform estimates on v are needed. These estimates are described by the following lemma. for some suitable constant C depending only on max ζ∈U |ζ|.
Proof. For the reader's convenience, we include the proof sketched in [6] . Choose
By the Cauchy-Schwarz inequality, we also have
The result easily follows.
Technical estimates in ellipses.
Definition 3.2.1. For any ε > 0, we put Ω ε = ϕ ε (S), where S is the strip {z ∈ C : |ℑz| < 1} and ϕ ε is the mapping of the complex plane defined by ϕ ε (z) = sin(εz).
In other words, the open set Ω ε is the interior of the ellipse with vertices ± cosh ε and co-vertices ±i sinh ε. It contains the real interval [−1, 1] = ϕ ε (R). and becomes narrower as ε tends to 0.
The following covering lemma is elementary. 
16 ε 2 and notice that Ω ε/2 is contained in a rectangle of length 2 cosh(ε/2) and width 2 sinh(ε/2). It is an easy exercise to check that such a rectangle can be covered by a family F ε of open disks of radius η ε with card F ε ≤ Cε −3 for some absolute constant C. Keeping only the elements of F ε that intersect Ω ε/2 , we obtain a family of disks having all the desired properties.
We can now obtain technical estimates following closely a key statement in [6] , with slight modifications required in our framework. For the reader's convenience, we give a complete proof. Lemma 3.2.3. Let ε be a real number with 0 < ε ≤ 1, let g be a bounded holomorphic function in Ω ε , and let K be a real number such that |g| ≤ K in Ω ε . For any real number r > 0, we have
for some absolute constant C.
where g j,ε is defined by g j,ε (ζ) = g(z j,ε + 2η ε ζ). Property (18) and the assumptions on g ensure that the function g j,ε is holomorphic in a neighborhood of D(0, 1). Set
Then Ψ j,ε is a smooth subharmonic function in a neighborhood of D(0, 1) and its Laplacian is
Using Green's formula for the Laplacian, together with the obvious estimates Ψ j,ε ≤ ln(K 2 + r 2 ) and Ψ j,ε (0) ≥ ln r 2 , we see that
Gathering (20), (21) and (22), we obtain
Together with (17) and (19), this implies the desired result.
We end this section with a lemma which, roughly speaking, means that for bounded holomorphic functions in Ω ε , a suitable property of "smallness" on the interval [−1, 1] still holds in Ω ε/2 , up to constants. a 2 ε) ) 1−|ℑz| K |ℑz| for every z ∈ S. Notice that h M (a 2 ε) ≤ 1 and K ≥ 1. Since any point w in Ω ε/2 can be written w = ϕ ε (z) with z ∈ S and |ℑz| ≤ 1/2, we therefore get the estimate |g(w)| ≤ a 1 (Kh M (a 2 ε)) 1/2 for any such w. Since M has moderate growth, it then suffices to use (8) to obtain the desired result, with a 3 = max(a 1/2 1 , L 1/2 ) and a 4 = κ 2 a 2 .
3.
3. An approximation-theoretic characterization of ultradifferentiable functions. The approach of Joris's theorem in [6] relies on a characterization of C k regularity of a function f on a bounded interval I in terms of the rate of approximation of f by uniformly bounded families of holomorphic functions in narrow neighborhoods of I in C. In this section, we obtain, in the same spirit, a characterization of C M regularity under the moderate growth assumption. 
For every ε ∈ (0, 1], put
Then w ε is an element of L ∞ (C), with w ε = 0 in C \ Ω ε . Besides, it is easy to see that for z ∈ Ω ε , we have dist(z, [−1, 1]) ≤ Cε for some absolute constant C. After multiplying c 2 by C, (26) implies
Now, set v ε = K * w ε where K is the Cauchy kernel. As explained in Section 3.1, v ε is a continuous function in C such that ∂v ε /∂z = w ε in the sense of distributions in C, hence
Moreover, by (16) and (27), it satisfies Conversely, let f : [−1, 1] → C be a function that satisfies (P M ). For 0 < ε ≤ ε 0 /2, it is readily seen that the function f ε − f 2ε meets the assumptions of Lemma 3.2.4 with L = 2K, a 1 = 2c 1 and a 2 = 2c 2 . We therefore get
for some suitable constants a 3 and a 4 depending only on K, c 1 
